Abstract. The Pseudo-Nambu-Goldstone Boson (PNGB) potential, defined through the amplitude M 4 and width f of its characteristic potential V (φ) = M 4 [1 + cos(φ/f )], is one of the best-suited models for the study of thawing quintessence. We analyse its present observational constraints by direct numerical solution of the scalar field equation of motion. Observational bounds are obtained using data from Union 2.1 for Supernovae, cosmic microwave background temperature anisotropies from Planck plus WMAP polarization data, and baryon acoustic oscillations data. We find the parameter ranges for which PNGB quintessence remains a viable theory for dark energy. We compare the direct potential analysis and use of an approximate equation-of-state parameterization for thawing theories; this comparison highlights a strong prior dependence to the outcome coming from the choice of modelling methodology, which current data are not sufficient to override.
potential, using CosmoMC [9] and the quintessence module included within the CAMB code [10] . Previous works on the subject with a variety of datasets can be found in Refs. [11] [12] [13] [14] , while Ref. [15] carried out forecasts on the ability of future experiments to constrain this model.
An alternative approach taken into the study of thawing quintessence is via a suitable approximate equation of state, established in Refs. [16, 17] , where the parameterization is done via w 0 , the field density parameter, and the gradient of the selected potential. An analysis using this has previously been carried out in Ref. [18] . We comment on the accuracy of this approximation as well as on the probability distribution of its free parameters.
Our aim is to assess the range of PNGB models that remain valid explanations of observational data.
PNGB quintessence
We assume a spatially-homogeneous quintessence field described by the scalar φ and its potential V (φ). Its action, in cohabitation with non-relativistic matter, is given by
where g is the determinant of the metric g µν , R is the Ricci scalar, and S m is the action for non-relativistic matter. M Pl is the reduced Planck mass. In the Robertson-Walker spacetime with scale factor a(t) the evolution is given bÿ φ + 3Hφ + dV dφ = 0 . where H =ȧ/a is the Hubble parameter and a dot stands for a derivative with respect to t. The pressure and energy density of the scalar field are given by P φ =φ 2 /2 − V (φ) and ρ φ =φ 2 /2 + V (φ), the density parameter Ω φ = ρ φ /ρ crit where ρ crit is the critical density of the Universe. The quintessence field equation of state is w ≡ P φ /ρ φ . The model under consideration is of the thawing type; which means it has a potential able to mimic a nearly-frozen field during the matter-dominated era, caused by Hubble friction, implying w near −1 at early times. Its kinetic energy contribution must be kept small which means a small mass is required, as well as a nearly-flat potential. The PNGB theory fits all of these conditions. Its potential is 5) where M 4 is the amplitude of the potential and f determines the width of the function. Figure 1 shows some sample evolutions of the equation of state obtained numerically for models giving present density parameter Ω φ = 0.68. The dynamics and motivational background of the model are analyzed in detail in Ref. [8] .
The parameters that determine the cosmological evolution of this model are its normalization M 4 , its width f , and the initial conditions φ i andφ i . The rapid early expansion of the Universe leads to sharply-decaying field velocity at early times, enabling us to assign φ = 0 as the initial condition for our numerical evolution. Requiring that at present the quintessence field has a particular density parameter Ω φ allows us to use the density parameter as a variable and treat φ i as a derived parameter. The background evolution is calculated from a scale factor a = 10 −9 .
PNGB potential analysis with CosmoMC
The evaluation of the parameter space for the PNGB potential was made using the CosmoMC code, version December 2013 [9] . Within the CAMB program the quintessence module was applied [10] . The priors for the standard cosmological parameters, as well as the free ones that characterize the PNGB model, are displayed in Table 1 . Additionally we impose a prior on H 0 of 60 km s −1 Mpc −1 ≤ H 0 ≤ 75 km s −1 Mpc −1 . Previous related works [11, 15] have imposed a prior limit on the width of the potential f < M Pl , citing computational reasons (avoiding a divergent direction for the MCMC chains to reach convergence) as well as theoretical ones, such as inaccuracy of the described potential for f < M Pl and motivations from string theory. Further information on the subject can be found in Ref. [15, 20] . We impose a somewhat weaker prior allowing f < 2M Pl , by which time the potential is flat enough that it can commonly generate observables practically indistinguishable from those for ΛCDM.
A modification of the original software was implemented to solve a starting point issue: in order for the evolution to commence, the amplitude of the potential has to be large enough to allow the quintessence density parameter Ω φ to have a value corresponding to the observed dark energy density. The random search nature of the MCMC code (at least at the beginning of the parameter space exploration) caused the program to stop through failing to meet this condition, therefore not allowing the code to calculate a likelihood. Instead of stopping the code after an unsuccessful initial setting, the unsuitable parameters were assigned an Table 1 : Prior ranges for cosmological and PNGB model parameters, the prior being uniform in the parameter quoted. The meaning of the cosmological parameters is as in the Planck collaboration papers [3, 19] .
improbable negative logarithmic likelihood of 10 30 (the standard value for the program to deem a set of parameters unlikely) therefore rejecting them but allowing the rest of the estimations to continue. This also affected the choice of ranges of the parameters displayed in Table 1 , which are generally more narrow than those used by the Planck collaboration [3] ; this was done in order to improve the starting point of the search for the best-fit parameters in CosmoMC for the model of interest, in order to attain a more probable Ω φ in each trial and therefore produce more efficient runs.
To obtain the observational bounds we utilized the SCP Union 2.1 compilation of supernova distances [21] , cosmic microwave background temperature anisotropies data from the Planck 2013 data release plus WMAP polarization [3, 19] , and baryon acoustic oscillations data from SDSS [22, 23] and WiggleZ [24] .
Results
The free parameters of our analysis, aside from those standard in any cosmological model, are the width f and the amplitude M 4 of the potential (2.5). The CAMB code uses dimensionless versions of the field and width parameter, but we will refer to them in their native units of mass. The code's background evolution computation handles all energy-momentum components with a normalization equivalent to 8πGρ crit /3c 2 where ρ crit is the present value of the critical density. The matter energy constituents are then multiplied using the standard density parameter definition Ω i = ρ i /ρ crit where the index i is matter or quintessence. This means that M 4 and V (φ) are, regarding their units, equivalent to the density parameter for the quintessence field Ω φ .
In Fig. 2 , left panel, the confidence contours of (f , M 4 ) at 68% and 95% are shown. The models at the base of the plot correspond to the ΛCDM case where φ i = 0 and the potential reduces to V (φ) = 2M 4 . The minimum value of M 4 which will give enough amplitude as to match the observed density parameter Ω φ ≈ 0.67 at the beginning of the background evolution is M 4 ≈ 0.34.
The parameter f /M Pl is unconstrained at the upper edge of its prior, and has 68% and 95% confidence lower limits of 1.26 and 0.58 respectively. For M 4 the 68% and 95% confidence ranges are M 4 = 0.67 −0.33 . These are expected results: as f grows the potential flattens, returning the cosmological constant case, which makes it impossible to confine this parameter, while M 4 is sharply cut off at the lowest value able to sustain an allowable present density parameter, while fitting the data well at that value. Note however that the quoted lower limits on f depend strongly on the assumed upper limit of its prior, as models beyond the adopted prior continue to fit the data well.
Constraints on the duplet (Ω φ , φ i ) are shown in Fig. 2 , right panel. The models at the bottom of the plot correspond to cosmological constant behaviour. The density parameter Ω φ is tightly constrained at 68% confidence, Ω φ = 0.68 ± 0.01, similar to the pure ΛCDM case [3] . We find a 95% upper limit of φ i = 3.7, while there is no lower limit since φ i = 0 reproduces ΛCDM precisely. The upper boundary value shows there is a fair range of models permitted with an evolving scalar field. This can be seen more clearly in Fig. 3 (left side) where the set (w 0 , Ω φ ) is depicted. The 95% upper limit on w 0 is w 0 = −0.83, the lower one of course being w = −1. This range is in excellent correspondence with a thawing quintessence model: a value of the equation of state at present bigger than the cosmological constant case is retrieved, but still close enough to w 0 , and acceptably fitting the astronomical data. The right panel of Fig. 3 presents the confidence regions for (w 0 , f ). The models at the left of the plot correspond to the standard cosmological model. However this regime is typically not well recovered except for narrow potentials with f ≈ 0, because in order to attain such it is also necessary for M 4 to be very close to Ω v , meaning only a narrow sliver of prior space is available. The data clearly favours the direction of increasing f .
In order to get a more direct view of the scalar field dynamics, a set of derived parameters was obtained. These confidence contours are also useful to enable comparison between our results and several previous works, as will be discussed in Section 4. The examination of φ i /f provides a criterion for the slope of the potential at the start of the cosmological evolution. In Fig. 4 , left panel, the contours of (φ i /f , f ) are plotted, with upper limit φ i /f = 2.1 arising because of the upper prior limit on f . A lower limit is lacking for the same reasons stated before involving φ i contours. For φ i /f ≈ 0 the feature at the bottom left corner shows that only narrow potentials (those corresponding to small f ) are allowed. In such a steep regime, a slope slightly different from zero would cause the quintessence field to evolve too quickly, therefore not reproducing a thawing behaviour. Once the slope increases to φ i /f ≈ 0.3 most of the f range is enabled. Larger values for φ i /f are favoured when f is larger.
The ratio φ i /φ f is portrayed against f in Fig. 4 , right panel. The cosmological constant, corresponding to those models with null evolution, sits at the right-hand edge, given by a flat potential (large f ). The conclusions of this plot are similar to those described for Fig. 4 , left panel. The initial value of the potential also gives a parameter space worth study, as only a value of V i at least as large as the observed dark energy density gives the necessary conditions to start the cosmological evolution. Figure 5 , left panel, displays the (V i , f ) profile, where slopes get flatter as f grows and increases the similarity with ΛCDM. This plot is related to Fig. 2 , left panel, the difference being that this choice of variables represents the relation between the potential and the cosmological evolution more closely than (f, M 4 ). Figure 5 , right panel, shows the (V i , φ i ) contours, which will be compared to those in Ref. [15] in Section 4.
Thawing quintessence: equation of state parameterization
An alternative way of studying thawing quintessence behaviour is by use of an approximate analytical expression for its equation of state. Such a study has been carried out in this manner in Ref. [18] , our main new contribution being the use of more recent data (particularly Planck) and a comparison with the exact evolution of the PNGB potential. The derivation of this solution can be found in Refs. [7, 16, 17] , and leads to the equation of state
1) where
The equation of state (3.1) is expressed in terms of three parameters: Ω φ at present, w 0 , and K which measures the curvature of the scalar field potential at its maximum [7] . For K larger than 10 the movement of the field at the start of the evolution is required to be very small to avoid a quick roll down. If the field touches the minimum of the potential and starts oscillating at a scale factor value near today's, numerical simulations establish that Eq. (3.1) is not valid anymore. In addition to this inaccuracy, for an oscillating potential the equation of state would become positive, therefore violating the w < −1/3 condition for a dark energy description. For K smaller than 0.5 the field mass becomes very large, implying that the Taylor expansion around φ = φ i becomes inaccurate because of the rapid variation of the field. We have a particular focus on finding a confidence range for the curvature of the potential K that is better constrained than in past analyses by making use of the exact results in Section 2.2.
In Fig. 6 we compare the behaviour of the thawing equation of state against the numerical solution provided by the quintessence module of CAMB. The approximation works very well for w 0 ≈ −1 and K ≈ 1, but becomes less accurate for larger values of w 0 which in turn correspond to smaller values of K. If instead we had adjusted curves generated by Eq. (3.1) to the best-fit values of K and w 0 we would have possibly found a more varied set of parameters able to duplicate a broader set of solutions.
In Fig. 7 the confidence contours for the curvature parameter K are shown. The 95% constraint obtained is K = 1.1
+0.4
−0.5 , where K was calculated from the results of Section 2.2. Given the condition within the CAMB module Quint to attain convergence of Ω φ before allowing the evolution of φ i to commence, the width of the potential dictates the value of the curvature. As we discuss in the following section, the distribution of K values that emerges from simulating the PNGB potential is far from uniform, and hence our constraints appear very different from those that sample uniformly in w 0 and K such as Ref. [18] . 
Discussion
In this section we compare our results to those of previous authors as well as commenting on the outcomes of Sections 2.2 and 3. Similar studies to Fig. 2 can be found in Refs. [11, [13] [14] [15] and comparison is straightforward after noting a recurrent difference in the definition of the variable M 4 between the mentioned works and ours. As a general example, Fig. 2 where µ 4 is the amplitude of the potential, h is the Hubble parameter and f is the width of the potential, same as in our case. This choice arises from the fact that the value of the critical density is ρ crit = (3 √ h 10 −3 eV) 4 . The fixed value of h = 0.65 specified by the authors gives ρ crit = (2.5 × 10 −3 eV) 4 . To translate (4.1) into our own definition of M 4 requires
where µ is the amplitude of the potential in previous references. This choice makes their µ/( √ h 10 −3 eV) ≈ 2, which is the minimum amplitude of the potential that would give the observed dark energy density. Therefore, M 4 min ≈ 0.34 in Fig. 2 is equivalent to µ/( Fig. 2 of Ref. [11] . This upward shift in the minimum allowed value for M 4 is expected, as Ref. [11] only portrays Ω φ < 0.7 whereas Planck constraints, as shown in Fig. 3 , permit a smaller Ω φ . A very similar description can be made about the results of the rest of the aforementioned references.
The newer data we use results in a significant improvement on the constraint on Ω φ in relation to Ref. [11] ; however, the restriction in the same work to w 0 < −0.965, citing the inability of the data to provide a better constraint on this parameter, is invalidated as a considerably larger range for the present value of the equation of state is shown in Fig. 3 . Concerning the slope of the scalar field, the allowed amount of rolling in φ i is in very good agreement with Ref. [11] . On the plus side, the ΛCDM models resting at the top of the potential, i.e. those at the lower left corners of Fig. 4 , are more clearly distinguished from the rest of the contours in our case.
Regarding our results for the equation of state parameterization scheme, a comparison can be made with Fig. 7 in Ref. [18] . These authors also explore models with w 0 < −1; however, because quintessence theories do not extend to the phantom domain, we excluded that possibility in the prior of our parameter space from the start. Another noticeable difference is their use of two datasets and their respective confidence levels; one using BOSS data and one without it. When adding BOSS they obtain a confidence contour that is entirely in the region w < −1, but when it is omitted, a small area with w > −1 is still allowed.
The shape of the confidence region in Ref. [18] differs greatly from the result displayed in our Fig. 7 . This is because that article adopted uniform priors in the equation of state parameters w 0 and K. Here, instead, these parameters are derived from a sampling based on assumption of the underlying PNGB potential. This induces a prior on those parameters, and particularly on K, which is very far from uniform, i.e. the PNGB model realises a very different model ensemble from that assumed in Ref. [18] . A simple consequence of using an underlying potential is that w 0 < −1 is not permitted, but the induced prior on K also leads to a substantially different allowed region. Hence caution is required in using the equation of state approach to assess the viability of explicit thawing quintessence models such as PGNB.
Conclusions
In this paper we obtained confidence contours for free and derived parameters of PNGB quintessence, which corresponds to the thawing type. Our analysis was carried out using the codes CosmoMC/CAMB, version December 2013. The constraints on the amplitude M 4 , initial field value φ i , and width f of the potential (2.5) show good agreement with earlier analyses, with some reduction in the permitted range of values as compared to them. Our results show the continued viability of the ΛCDM scheme, while showing the extent to which models with a present equation of state value larger than w = −1 and a field evolving away from the top of the potential (2.5), corresponding to thawing quintessence, remain acceptable.
We then studied the approximate equation of state (3.1), which has been applied in Refs. [17, 18] . Under the PNGB assumption, we find much tighter constraints on the curvature parameter K than are found when uniform priors are adopted on the equation of state parameters. This difference highlights a strong ongoing prior dependence from the way thawing dark energy is modelled, which current data are not strong enough to override.
